For a linear model of active car steering a robust decoupling control law by feedback of the yaw rate to front wheel steering was derived earlier. In the present paper this control law is extended by feedback of the yaw rate to rear wheel steering. A controller structure with one free damping parameter k D is derived with the following properties: i) Damping and natural frequency of the yaw mode are independent of speed. ii k D can be adjusted to the desired damping level. iii) A variation of k D has no in uence on the natural frequency of the yaw mode and no in uence on the steering transfer function by which the driver keeps the car | considered as a mass point at the front axle | on his planned path.
I Introduction
Recently several car manufacturers (Nissan, Honda, Mazda, Mitsubishi, Toyota, Daihatsu, BMW) have introduced additional rear-wheel steering for automobiles. Thus a second actuator is becoming available for car steering dynamics. How do we control engineers use it? Figure 1 shows three examples of feedforward and feedback control system structures. The block \steering dynamics" has the inputs f and r , the steering angle of the front and rear wheels. Outputs of interest are the sideslip angle , the lateral acceleration a f at the front axle and the yaw rate r. S is the command signal from the steering wheel, and d is a disturbance, resulting for example from side wind, from a rough road surface, or from ice remainders at the road side, which induce a yaw motion in a braking maneuver. The most common control system structure for four-wheel steering cars is that of Figure  1a ). The front wheel steering is unchanged, i.e. f = S . The pre lter F r for generating the rear wheel steering angle is usually scheduled by the measured car velocity v. Additional yaw rate feedback to the rear wheels c) Yaw rate feedback to the front and rear wheels is determined from the requirement that the sideslip angle should be zero. The pre lter may also be replaced by a gain K(v; r; : : :) that is scheduled by measured velocity, yaw rate, lateral acceleration at di erent longitudinal positions etc. At low speeds K is negative, i.e. the front and rear wheels are steered in opposite directions for better maneuverability. For higher speeds the wheels are steered in the same direction, i.e. K is positive 2, 3] . Recently also steering control systems with feedback of the yaw rate r for rear wheel steering have been introduced to the Japanese market 4]. The yaw rate is measured by a vibration gyro. The additional feedback path in Figure 1b ) has two obvious advantages:
a) The rear wheels are steered not only by the driver but also automatically to reduce the in uence of disturbances d, e.g. the reaction time of the driver before he compensates the in uence of a sudden side wind is avoided. b) Feedback via the compensator H r (s) allows pole shifting, for example the yaw damping can be increased.
Surveys of theoretical and experimental studies with the control system structures of Figures 1a) and b) are given in 5, 6] . The surveys show that not much research was focussed on the robustness against uncertain parameters like speed, mass and adhesion between tire and road surface in steering dynamics. Additional design freedom becomes available, if also the front wheels are steered by an underlying feedback loop like in Figure 1c ). In fact in 7, 8] a car steering theorem for robust decoupling by yaw rate feedback to front wheel steering was proven. It is based on some modelling assumptions for the steering dynamics and reads:
The feedback compensator H f (s) = 1 s (2) decouples the yaw mode from the lateral mode of the front axle. The control law (2) can be implemented by using an electric or hydraulic steering actuator without position feedback. Thus no analog or digital compensator or steer-by-wire implementation is needed. It was shown in 7] that the decoupling e ect is independent of vehicle parameters or operating conditions like speed, mass and adhesion between tire and road surface, i.e. decoupling is robust. There is no need to tune the decoupling control law (2) to the speci c vehicle or to schedule it by the operating conditions. In fact any modi cation of (2) would destroy the robust decoupling property.
There is however a price that we have to pay for the use of the control law (2): It changes the yaw damping and there is no way to increase the yaw damping by front wheel steering unless we sacri ce decoupling. But we can use rear wheel steering to achieve any desired damping. In the present paper a controller structure H r (s) is given that yields speedindependent yaw damping in combination with the decoupling control law (2) .
In section II the model and the decoupling control law are reviewed in order to introduce the notations and model assumptions, section III describes the main result for robust yaw damping, in section IV the control laws are veri ed for a speci c car in simulations with a realistic non{linear car model, section V discusses some open problems for the outer control loop and conclusions are contained in section VI.
II Steering Dynamics and Robust Decoupling
The essential features of car steering dynamics in a horizontal plane are described by the \single{track model" (or \two wheel model") by Riekert and Schunck 9], for derivations see e.g. 10, 11] . It is obtained by lumping the two front wheels into one wheel in the center line of the car, the same is done with the two rear wheels, see Figure 2 . In Figure 2 ,ṽ is the velocity vector at the center of gravity (CG). It has the absolute value v = jṽj. We assume v > 0 because the vehicle is not controllable for v = 0. The angle between center line and velocity vector is called \sideslip angle". The distance between CG and front axle (resp. rear axle) is`f (resp.`r) and the sum =`r +`f (3) is the wheelbase. In the horizontal plane of Figure 2 an inertially xed coordinate system (x 0 ; y 0 ) is shown together with a vehicle xed coordinate system (x; y) that is rotated by a \yaw angle" . In the dynamic equations the \yaw rate" r = _ will appear. For small steering and sideslip angles and constant velocity the model can be linearized. Here we make an additional assumption: Let the longitudinal mass distribution be equivalent to concentrated masses at the front and rear axles. Then the total mass m is related to the moment of inertia J with respect to a perpendicular axis through CG by J = m`r`f: (8) a f is the lateral acceleration of the front axle. iii) Close the feedback loop by e f = w f ? r (9) see Figure 1c ).
As a result of steps i), ii), iii), the following model is obtained. The zeros marked with asterisks indicate the canonical form introduced by Kalman 12] and Gilbert 13] for the separation of observable and unobservable (or controllable and uncontrollable) subsystems. Thus we can read o (10) that the states r and f are unobservable from a f and a f is not controllable from r .
Thus the steering dynamics has been split into two subsystems a) the lateral motion of the front axle described by _ a f = d 11 
This speed is about twice as high as v`of (15) 
Although a badly damped yaw motion does not enter into the steering transfer function (13) , it may be irritating for the driver, such that he would try to stabilize it by steering. In order to avoid such driver irritation and reduced passenger comfort it is desirable to recover the better high speed damping of the conventional car. Such yaw damping can be accomplished by rear{wheel steering. In the next section a new control law is presented that not only recovers the yaw damping of the conventional car but even makes the yaw eigenvalues entirely independent of the velocity. The desired damping level can be adjusted by a tuning parameter.
III Robust Yaw Damping by Rear Wheel Steering
The main idea is formulated as the following car steering theorem for robust yaw damping by yaw rate feedback to rear wheel steering 14]. The controller r = (`=v ? k D )(w r ? r)
yields velocity independent yaw eigenvalues. Remark: Note that this controller is not generic like (2). It must be tuned to the speci c vehicle by substituting the wheelbase`and it must be scheduled by the measured velocity v. The signal w r is the reference input for the rear wheel steering feedback system, see Figure 1c ). Note that the natural frequency has not been changed by the control law (17), i.e. ! II = ! I .
IV Simulations
The decoupling control law (2) for front-wheel steering and the robust control law for rear wheel steering (17) were derived for the single-track model. This linear model was obtained assuming e.g. symmetric tire forces at the left and right wheels, constant speed, small steering and sideslip angles, and linear tire characteristics. An important condition for exact decoupling is the mass distribution assumption (4). Real cars di er from this mathematical model and the mentioned assumptions are violated. Therefore simulations using a detailed nonlinear model of a speci c car have been made 15] . For the simulations the car with the feedback control laws (2) and (17) (car A) is compared with the conventional car (car B), see Figure 3 .
For the present simulations we have chosen maneuvers in which the driver wants to go straight, i.e. S = w f = w r = 0. Two kinds of disturbances are considered:
1. Side wind forces A gust of wind attacks the car for one second in lateral direction.
Braking under {split conditions
The tire-road adhesion is high at the left wheels and low at the right wheels. The brake force reaches its maximum after 0.25 seconds.
It is assumed that the driver does not react to disturbances, i.e. he just holds the steering wheel xed. As expected the conventional car B is being rotated and changes its heading ( Figure 6 ). If the driver does not interact then the lateral deviation increases linearly after the wind gust. In car A ( Figure 4 ) the underlying control acts immediately and tries to keep the yaw rate close to zero. The integrating actuator guarantees that not only the yaw rate goes to zero in the stationary ride but also its integral, i.e. the yaw angle relative to its initial value given by the road inertial orientation. Thus the orientation of the car after the gust is the same as before. After the wind attack the driver of car A nds himself just laterally displaced, while car B lost its orientation and is heading o the road. After a reaction time of one second the driver in car A has to correct a displacement of 0:3 m] while driver B not only has to correct a displacement of 0:96 m] but also the heading of his car. In car A both the yaw rate and the side slip angle are reduced drastically due to the yaw rate feedback. Simulation of braking maneuver under {split conditions The drivers start braking at a velocity of 75 km h ?1 ] with a maximal braking force of 150 Newton]. Because of di erent road surface conditions di erent forces are transmitted from the road to the vehicle. This causes an undesired rotation of the car.
In Figure 7 the results for the conventional car B are shown. The yaw rate increases rapidly to a maximum. Then it declines slowly, but always remains positive. The rotation does not change its direction, i.e. the yaw angle increases monotonously. The initial slope of the yaw rate of car A is the same as for car B but the maximum is reached much earlier. The peak value is about half of the maximal value for car B. After one second the yaw rate even changes its sign, i.e. the car starts rotating into the opposite direction, towards its original orientation. The side slip angle is reduced signi cantly. Car A will be stabilized by the control while car B is still drifting away from its desired orientation. The best what driver A can do is to keep the steering wheel straight, while driver B has to make corrections. However, this maneuver is extremely critical and an unexperienced driver may even worsen his situation.
Yaw rate r deg s V Open research problems for the outer loop An area for further research is the choice of the pre lter F f and F r in Figure 1c ). Eventually it must be determined in road test, what pre lter the human driver likes best. We can however discuss some starting points for designing the pre lters. The simplest solution is F f = 1 sec ?1 ] and F r = 0. Here rear wheel steering is used exclusively for yaw stabilization and not for further operational advantages. The steering wheel input signal S is a reference input for the yaw rate r. A modi cation of the above solution is F f = 1=v. Then the velocity v cancels the gain v in G f (s) of (13) Thus the driver commands the lateral acceleration of the front axle by his steering wheel input. Compared to F f = 1 the gain is reduced at high speeds, i.e. the driver has to give larger steering commands S . Of course the preferences of the driver will also depend on the arti cially produced speed{dependent reaction forces at the steering wheel. A desirable operational advantage of four{wheel steering systems is the possibility to achieve sideslip angle 0. Similar as in 1] the required pre lter ratio for this purpose can be calculated as follows. 
There are several possibilities for comparing the handling qualities of car A and B in the outer feedback loop involving the driver and the pre lters F f and F r . These include test cars on roads or on drum{type lateral motion simulators or driver models. A promising approach for computer simulations is also to replace the driver by a robust automatic steering system that is individually designed for each tested version by the same design criteria 16].
VI Conclusions
The car steering control system of Figure 3a ) with some simplifying assumptions for the car steering model has the following properties:
i) the yaw mode has damping and natural frequency independent of the car velocity v. The desired damping level can be set by the controller parameter k D . ii) The yaw mode has no in uence on the lateral acceleration a f of the front axle; a f is controlled by the driver via a stable rst order low pass lter. Simulations with a realistic nonlinear car steering model for a speci c car indicate that the resulting actively controlled car has signi cant safety advantages in situations where the driver of the conventional car has to control unexpected yaw motions.
